Abstract. We discuss the common property (E.A) for hybrid pairs of single valued and multivalued mappings defined on gauge spaces in fixed point considerations.
Introduction
In 2002, Aamri and El Moutawakil [1] introduced the property (E.A) in metric spaces as a generalization of the concept of noncompatible mappings and obtained some common coincidence point theorems for single-valued mappings satisfying a strict contractive condition. Subsequently, this property was extended to multivalued mappings independently by Kamran [2] and Singh and Hashim [3] . Very recently, Liu, Wu and Li [4] defined the common property (E.A) in metric spaces which contains the property (E.A) for a hybrid pair of single-valued and multivalued mappings. On the other hand, Frigon [5] established the Banach contraction principle in complete gauge spaces. Frigon [6] presented a fixed point theorem for multivalued contractions on complete gauge spaces which generalizes fixed point results of Nadler [7] and Cain and Nashed [8] . The purpose of this paper to extend the common property (E.A) to gauge spaces and give some coincidence point results and common fixed point results for mappings satisfying this property.
Preliminaries
Let E = (E, {d α } α∈Λ ) be a gauge space endowed with a gauge structure {d α : α ∈Λ}; here Λ is a directed set (see Ref. [9, p. 198, 308, 414] ). It is clear that a metric space is trivially a gauge space as the topology is given by one metric and a locally convex space, where the topology is given by a family of seminorms, is also a gauge space as each seminorm induces a pseudometric. For any A, B xx E, we define the generalized Hausdorff pseudometric induced by d α to be such that d α (x, y*) < ε, d α (x*, y) < ε} with the convention that inf(φ) = ∞. Let dist α (x, A) = inf {d α (x, y) : y ∈ A} for A lll E, and let CD(E) denote the family of nonempty closed subsets of E.
Definition 1
Let f be a self-mapping of E, and let F be a mapping from E into CD(E). A point x ∈ E is a coincidence point of f and F if fx ∈Fx. We denote the set of all coincidence points of f and F by C( f, F).
Definition 2
Let f be a self-mapping of E, and let F be a mapping from E into CD(E). A point x ∈ E is a common fixed point of f and F if x = fx ∈Fx.
Definition 3
Let F be a mapping from E into CD(E). A self-mapping f of E is said to be F-weakly commuting at x ∈E if f fx ∈F fx. (see Ref. [2] ).
Definition 4
Let f and F be self-mappings of a gauge space E. We say that ( f, F) satisfies the property (E.A) if there exist a sequence {x n } in E and some u ∈ E such that for all α ∈Λ. (see Ref. [10] )
We follow Liu et al. [4] and give the following:
Definition 5
Let f, g be self-mappings of a gauge space E, and let F, G be mappings from E into CD(E). We say that ( f , F ) and (g, G) satisfy the common property 
Results
We first prove the following result which is a generalization of Theorem 2.3 ((a), (b)) of Liu et al. [4] .
Theorem 6
Let E = (E, {d α } α∈Λ ) be a gauge space. Let f, g be self-mappings of E, and let F, G be mappings from E into CD(E) such that (1) ( f, F) and (g, G) satisfy the common property (E.A);
(2) for all α ∈Λ, x, y ∈E, and some
for every x ∈E and every {ε α } ∈]0, ∞[ Λ , there exist y ∈Fx and z ∈Gx such that
If f (E) and g(E) are closed, then (a) f and F have a coincidence point; (b) g and G have a coincidence point.
Proof
Since ( f , F) and (g, G) satisfy the common property (E.A), there exist sequences {x n }, {y n } in E, u ∈E, and A, B ∈ CD(E) with u ∈ A ∩ B such that for all α ∈Λ.
Since g(E) and f (E) are closed, we have u ∈ f (E) ∩ g (E) , that is, there exists some υ, w ∈ E such that u = fυ = gw. Fix α ∈Λ. Using condition (2), we have
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Taking the limit as n → ∞, we obtain
Suppose that dist α 0 (gw, Gw) ≠ 0 for some α 0 ∈ Λ. Then, since gw ∈ A, by the definition of D α , we have which is a contradiction since 0 ≤ λ α 0 < 1. Thus dist α (gw, Gw) = 0. Since this holds for all α in Λ, it follows from condition (3) that gw ∈Gw. Similarly, by setting x = υ and y = y n in inequality (1) and taking the limit as n → ∞, we get fυ ∈ Fυ.
If we set g = f and G = F in Theorem 6, we immediately get the following corollary, which improves and generalizes Theorem 1 of Aamri and El Moutawakil [1] and Theorem 3.3 of Kamran [2] .
Corollary 7
Let E = (E,{d α } α∈Λ ) be a gauge space. Let f be a self-mappings of E, and let F be a mapping from E into CD(E) such that (1) ( f, F) satisfies the common property (E.A); (2) for all α ∈Λ, x, y ∈ E, and some
for every x ∈ E and every {ε α } ∈]0, ∞[ Λ , there exist y ∈Fx such that
for every α ∈Λ.
If f (E) is closed, then f and F have a coincidence point.
The following result generalizes Theorem 2.3(c)-(e) of Liu, Wu and Li [4] . 
. 
Theorem 8
Let E, f, g, F and G be as in Theorem 6 and satisfy (1), (2) 
Proof
As in Theorem 6, there exists υ, w in E such that fυ ∈Fυ, gw ∈Gw and u = fυ = gw.
(a) Since f is F-weakly commuting at υ and f fυ = fυ, it follows that fυ = f fυ ∈F fυ. Consequently, we have u = fu ∈Fu. This shows that u is a common fixed point of f and F.
(
b) Similar to (a). (c) Follows from (a) and (b).
The following corollary generalizes and improves Theorem 3.10 of Kamran [2] .
Corollary 9
Let E, f and F be as in Theorem 6 and satisfy (1), (2) and (3). If f is F-weakly commuting at υ and f fυ = fυ for some υ ∈C( f, F), then f and F have a common fixed point.
Theorem 10
Let E = (E, {d α } α∈Λ ) be a gauge space. Let f, g be self-mappings of E, and let F, G be mappings from E into CD(E) such that (1) ( f, F) and ( g, G) satisfy the common property (E.A);
(2) for all α ∈ Λ, there exists a continuous nondecreasing function ϕ α : R + → R + with 0 < ϕ α (t) < t for t > 0 such that for all x, y ∈ E, we have 
Proof
Since ( f, F) and (g, G) satisfy the common property (E.A), there exist sequences {x n }, {y n } in E, u ∈ E, and A, B ∈CD(E) with u ∈A ∩ B such that for all α ∈ Λ.
Since g(E) and f(E) are closed, as before, there exists some υ, w ∈ E such that u = fυ = gw.
Fix α ∈ Λ. Using condition (2), we have Taking the limit as n → ∞, we obtain Suppose that dist α0 (gw, Gw) ≠ 0 for some α 0 ∈ Λ. Then, since gw ∈ A, by the definition of D α , we have This is a contradiction. Thus dist α (gw, Gw) = 0, and since this holds for all α in Λ, it follows from condition (3) that gw ∈Gw.
Similarly, by setting x = υ and y = y n in inequality (3) and taking the limit as n → ∞, we get fυ ∈Fυ.
Theorem 11
Let E, f, g, F and G be as in Theorem 10 and satisfy (1), (2) and (3). Then we have the following:
. Theorems 10 and 11 generalize Theorem 2.10 of Liu, et al. [4] .
The notion of single-valued contraction (in the usual sense) has been extended by some authors. An important extension was given by Cain and Nashed [3] in Hausdorff locally convex spaces (E,{|.| α } α∈Λ ), where {|.| α } α∈Λ is a family of seminorms. But in most of those extension, the contraction F satisfies the following restrictive condition:
For example, consider E = ∏ n∈N X n with (X n , |.|n) Banach spaces and F = (F 1 , F 2 , ...) is such that there exists a matrix A = (a ij ) with nonnegative entries such that for every n ∈ N, If F is a contraction, one can choose the matrix A lower triangular. So F n does not depend on x n+1 , x n+2 , .... In view of the following definition, we allow a ij > 0 for every i, j ∈N in such situations. For details, see Ref. [5] .
Definition 12
Let f be a self-mapping of E, and let F be a mapping from E into CD(E) such that F(E) llll f (E). Then F is called an admissible f-contraction (cf. Ref. [6] )
for every x, y ∈ E;
(ii) for every x ∈ E and every {ε α } ∈]0, ∞[ Λ , there exists y ∈Fx such that
Notice that if Λ = N, then a multivalued mapping F can be an f-contraction in the sense of Definition 12 without being an f-contraction in the usual sense when E is equipped with the metric
As an application of our result, we derive the following extension of the main result of Frigon [6] , which itself is a generalization of Nadler's contraction principle [7] if |x -y| α = 0, then |Fx -Fy| α = 0.
Theorem 13
Let f be a self-mapping of a complete gauge space E, and let F be a mapping from E into CD(E) such that F(E) llll f (E). If F is an admissible f-contraction and f (E) is closed, then f and F have a coincidence point.
Proof
Since F(E) lll f (E) so for any given x 0 ∈ E, there is an x 1 ∈ E such that y 1 = fx 1 ∈ Fx 0 . This is possible since F(E) llll f (E). Fix α ∈ Λ. We can find y 2 = fx 2 ∈ Fx 1 such that Continuing in this way, we obtain a sequence {y n } in E with y n+1 = fx n+1 ∈ Fx n such that It is easy to show that {y n } is Cauchy with respect to d α . Since we can do this for any α ∈ Λ and the sequence {y n } is Cauchy, there is u ∈E such that for all α ∈ Λ. Notice that u ∈ A and for all α ∈ Λ and some A ∈CD(E). As a result, ( f, F) satisfies the common property (E.A) and so the result follows from Theorem 6.
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